We consider perturbed Schrödinger equation, which is an elliptic operator with unbounded coefficients. We use wavelets adapted to Schrödinger operator to deal with problems on unbounded domain. The wavelets are constructed from Hermite functions, which characterizes the space generated by the Schrödinger operator. We show that the Galerkin matrix can be preconditioned by a diagonal matrix so that its condition number is uniformly bounded. Moreover, we introduce a periodic pseudo-differential operator and show that its discrete Galerkin matrix under periodic wavelet system is equal to the Galerkin matrix for the equation with unbounded coefficients under the Hermite system. The convergence is proved in the L 2 topology. 
I. Introduction
Wavelets have been applied to differential and integral operators in recent years [5] . The main advantage of wavelet numerical scheme compared with finite element method and multilevel method is that for the resulting system of algebraic equations its condition number is uniformly bounded after a simple preconditioning (see, e.g., Jaffard [12] and Dahmen [5] ). Moreover, its stiffness matrix can be approximated by a sparse matrix [2, 4, 5] .
With wavelets constructed through the usual multiresolution analysis method [7] , they cannot be readily applied to operators with unbounded coefficients such as the Schrödinger equation appeared in quantum mechanics
as well as operators with singular coefficients. This kind of (partial) differential equations appears in mathematics and physics.
The purpose of this paper is to use a wavelet basis of the space L 2 (R) of the squareintegrable functions on the real line R so that we can apply a Galerkin scheme to the numerical analysis of the following perturbed Schrödinger equation
which can be viewed as a model of second order elliptic operators with unbounded coefficients.
The wavelets {ψ j,k } j,k∈Z generated from a mother wavelet ψ are time-frequency localization of the Fourier kernel {e ixξ }, which forms a set of eigenfunctions of the second order differential operator −d 2 /dx 2 . Jaffard [12] successfully adapted wavelets on finite domain to the analysis of the general second order elliptic operator −d/dx(A(x)d/dx) + B(x) with regular coefficients.
Frazier and Zhang [8] studied the Bessel operator −g ′′ (x) + ν 2 −1/4
x 2 g(x) with singular coefficients. They used the Bessel function J ν (x) and the Hankel transform. Their basis functions were obtained through the Hankel transform of the Meyer wavelets.
These basis functions have explicit expressions in the Hankel domain just as the Meyer wavelets do in the Fourier domain.
In this paper we shall use eigenfunctions of the Schrödinger operator, namely the Hermite functions, to construct a wavelet-like basis and then adapt them to the analysis of the perturbed Schrödinger equation with unbounded coefficients.
Our basis is adapted to Schrödinger operator and can be explicitly expressed using the Hermite functions and a known wavelet function from an MRA. These functions are obtained through a similarity between the Hermite functions and the orthonormal system {e in2πx } n∈Z instead of the continuous version {e ixξ }. Moreover, this construction can be easily generalized to any operators with a complete eigenfunction system.
Hermite functions have been utilized to approximate solutions of partial differential equations on unbounded domains in the context of spectral method ( [9, 11, 14] ). When dealing with problems on unbounded domain with finite difference method or finite element method numerically, one often restricts calculations to some bounded domains and imposes certain conditions on artificial boundaries, which causes numerical errors. The Hermite functions defined on the whole real line can be used to avoid such difficulty. Meanwhile, with spectral method, solutions can be approximated with accuracy adapted up to its smoothness. Wavelet bases have been applied to numerical solutions of partial differential equations since for its discrete stiffness matrix, pre-conditioner can be easily constructed and its entries can be compressed [12, 5] . Our method will take advantages from both the eigenfunctions and the wavelet functions. We use the former to deal with geometry of differential operators and regularities of their coefficients so that we can deal with differential equations defined on unbounded domain with unbounded coefficients, and the latter to obtain a simple diagonal pre-conditioner.
The organization of this paper is as follows. In Section II, we shall present the construction of our basis functions. We shall introduce a space H associated with the Schrödinger operator and give a characterization of its functions in terms of their coefficients. We notice that the second order Schrödinger operator acts like a first order differential operator according to Theorem 3 which is the main result of Section II. In Section III, we shall use the Galerkin method to approximate solutions of the perturbed Schrödinger equations. Then, we shall estimate the condition number for the discrete Galerkin matrix and establish the convergence of the Galerkin scheme in the L 2 (R) space. Finally, we shall introduce a periodic pseudo-differential operator and show that its discrete Galerkin matrix under periodic wavelet system is equal to the Galerkin matrix for the equation with unbounded coefficients under the Hermite system.
II. Hermite wavelets
We shall use Hermite functions to construct wavelets, for background on their applications to numerical solutions of partial differential equations, the reader is referred to [9, 10, 11, 15] . The Hermite polynomials are defined by
These polynomials are orthogonal in the weighted sense
where δ m,n is the Kronecker symbol such that δ m,n = 1 when m = n and δ m,n = 0, otherwise. It is possible to start with these polynomials, but since the corresponding approximation results are measured in a weighted sense, their performance might become poor for large x due to the presence of the negative power of the exponential e −x 2 . We therefore use Hermite functions instead.
The normalized Hermite function under the norm of L 2 (R) is defined to be
which satisfies the Schrödinger equation
For fixed n, the function e n is well-localized in the spatial domain. Moreover, it has the following asymptotic behavior [10] e 2n (x) = (−1)
We consider the Schrödinger operator L defined on
where
For the positive operator L, we introduce a norm by
The domain of the operator L can be extended to the Hilbert space H defined by
which is the completion of C ∞ 0 (R) under the norm · H . Functions in the space H can be characterized by the expansion coefficients under the basis {e n } n∈Z . For a proof, the reader is referred to [13] .
u, e n e n . Then u ∈ H if and only if
The Fourier transformφ of ϕ is defined to bê
Let ϕ be a function in L 2 (R) such that 1. ϕ is a father wavelet; that is,φ(2ξ) = m(ξ)φ(ξ) for some 1-periodic measurable function m;
2. The shifts of ϕ are orthonormal; that is,
3. ϕ is normalized byφ(0) = 1 and there exist two positive constants C and σ > 1 such that
Throughout the paper, C always denotes a general constant.
For example, the father wavelets in the Meyer wavelets and all of the Daubechies wavelets (except the Haar wavelet) satisfy all the above three conditions in 1, 2 and 3. Now we define a mother wavelet function ψ (see [7] ) bŷ
We use Z + to denote the set of non-negative integers. Denote
It is well known that for any j 0 ∈ Z + ,
is an orthonormal basis for
Let T = R/Z be the torus. Throughout the paper, we shall use the following
Using the Poisson summation formula, for
−σ ∀ ξ ∈ R for some C and σ > 1, we have
Using the Hermite functions {e n } ∞ n=0 and the wavelet basis in (5), we can construct a wavelet-like system in L 2 (R) as follows.
Theorem 1: Let ϕ and ψ be given above such that the system in (5) is an orthonormal basis for L 2 (R). Let e n be the Hermite functions defined in (1). For j ∈ Z + and
Then for any j 0 ∈ Z + ,
is an orthonormal basis for L 2 (R).
Proof: When the functions ϕ and ψ are the Meyer wavelets, the assertion was proved in Dai [6] . For completeness, here we present a sketch of proof.
Note that the system in (5) is an orthonormal basis for L 2 (R). By a simple argument, it can be easily shown that (11) is an orthonormal basis for L 2 (T). Since ϕ j,k (0) = 2 −j/2 and ψ j,k (0) = 0, it follows from (7) that
Replacing 1, e i2πn· and e −i2πn· by e 0 , e 2n and e 2n−1 in (12), we obtain (8) and (9) . Note
is an orthonormal basis for L 2 (R) and {e i2πn· } ∞ n=−∞ is an orthonormal basis for L 2 (T). Now one can easily show that the system in (10) is an orthonormal basis for L 2 (R) since the system (11) is an orthonormal basis for L 2 (T).
The advantage of replacing the orthonormal basis {e n } ∞ n=0 by the wavelet-like orthonormal basis in (10) lies in the fact that the new system preserves many desirable features of a wavelet system.
As a direct consequence of Theorem 1, we have the following result.
Lemma 2: The functions Φ j,k and Ψ j,k belong to H for all j ∈ Z + and k = 0, 1, . . . , 2 j − 1.
Proof: We only prove Φ j,k ∈ H. The proof for Ψ j,k is similar. Since {e n } ∞ n=0 is orthonormal, it follows from the definition of Φ j,k in (8) that
Hence, by (4) and σ > 1, we have
By Lemma 1, we conclude that Φ j,k ∈ H.
k=0 . The subspace V j will serve as our Galerkin approximation space. By Lemma 2, we have the following result:
Lemma 3: For each j ∈ Z + , V j is a subspace of the Hilbert space H.
We shall use the Sobolev space H s (T) which consists of all functions f ∈ L 2 (T) such that
Throughout this paper, we use the notation A ≈ B, which means that there exist positive constants C 1 and C 2 , independent of A, B, such that C 2 B A C 1 B.
A periodic function u ∈ H s (T) can be characterized in terms of wavelet coefficients in the periodic wavelet system in (11) . For a proof of the following result, the reader is referred to [3, 7] .
Then we have the following norm equivalence
To prove our main results of this section, it is convenient to use pseudo-differential operators. For background on pseudo-differential operators, see Taylor [16] and [15] . Let p : Z → C be a symbol. The pseudo-differential operator P (D) with the symbol p is defined to be
Lemma 5: Suppose that the symbol p satisfies
for some r > 0. Then for u ∈ H r/2 (T), we have
Proof: For u ∈ C ∞ (T), we have the Fourier expansion
From the orthogonality of {e i2πn· } n∈Z in L 2 (T), we have
Since p(n) ≈ (1 + n 2 ) r/2 , we have
This completes the proof.
We now characterize the space H via our wavelet system {Φ 0,0 } ∪ {Ψ j,k : j ∈ Z + , k = 0, 1, . . . , 2 j − 1}.
Theorem 3: Suppose that u ∈ H is decomposed as
Then for the Schrödinger operator L, we have
Proof: From the definition of Φ j,k and Ψ j,k , by Theorem 1, we have
Hence, by applying the operator L, we have
By the orthogonality of the Hermite system {e n } ∞ n=0 , we get
Consider the pseudo-differential operator P (D) with the symbol p given by
Then we have p(n)
From (7) we deduce that
Hence, the application of the pseudo-differential operator P (D) with symbol p defined in (17) can be written as
From (18) and (19) we get
By (17) and Lemma 5 we conclude that
On the other hand, by Lemma 4
Combining (16), (20)- (22), we conclude that (15) holds.
We point out that in (15) the exponent of 2 j is 1 instead of 2 for the second order differential operator L, as compared to Lemma 4.
III. Galerkin Analysis
In this section, we consider the perturbed Schrödinger operator
where the functions a and b are measurable and satisfy
for some positive constants a 1 , a 2 , b 1 and b 2 . In this section, we are interested in the perturbed Schrödinger equation Su = f .
We shall use the wavelet system {Φ 0,0 } ∪ {Ψ j,k : j ∈ Z + , k = 0, 1, . . . , 2 j − 1} to construct Galerkin approximation scheme for the Schrödinger equation Su = f with a given function f ∈ L 2 (R). We shall first show that the resulting system of algebraic linear equations can be pre-conditioned by a diagonal matrix. We then show that the Galerkin solution converges. Next we shall show that the discrete Galerkin scheme for the differential equation with unbounded coefficients is equivalent to a discrete Galerkin scheme of a periodic pseudo-differential operator. The latter equation is naturally related to the spectral Galerkin approximation using Hermite functions to solve the equation (23).
A. Galerkin Scheme
We use the subspace V J ⊂ H, which is defined by
to be the Galerkin space. Since the space {V j } j∈Z + forms a multi-resolution analysis [6] , the subspace V J can be also spanned by
For convenience of notation, we denote
where j, k are the unique nonnegative integers such that m = 2 j + k and 0 k < 2 j .
The Galerkin scheme for the Schrödinger equation Su = f with f ∈ L 2 (R) is to find u J ∈ V J such that
In view of (25), (27) is equivalent to
Since u J ∈ V J , there exist c 0,0 and d j,k , j = 0, . . . , J − 1, k = 0, . . . , 2 j − 1 such that
Using matrix notation, the system of equations (28) takes the following form
where M J is a 2 J × 2 J matrix with entries M m,m ′ given by
and
T is the unknown vector.
B. Pre-conditioning
We now estimate the condition number of the matrix M J in terms of the scale J. Let D J be the 2 J × 2 J diagonal matrix with diagonal elements
Then the equation
Then the system of equations (30) becomes
We show that as a function of J, the condition number of the matrix A J is uniformly bounded.
Lemma 6: Assume that (24) holds. Let A J be defined as in (31). Then for any J, we have
where ·, · is the inner product in C 2 J . Hence, the system of equations (31) is uniquely solvable.
Proof: For the vector v, we define g = v 0 Ψ 0,0 + J−1 j=0
Integrating by parts gives
where (24) has been used in the last step. Furthermore, by Theorem 3, we have
On the other hand, from (26) we have g =
By Lemma 6 we now estimate the condition number of the matrix A J in equation (31). We have the following result:
Theorem 4: Under the assumption in (24), the condition numbers of the matrices A J (J ∈ Z + ) are uniformly bounded (independent of J).
Proof: By Lemma 6, the ratio of the largest eigenvalue and the smallest eigenvalue of the matrix A J is uniformly bounded. Since the condition number of a matrix can be estimated as the ratio of its largest eigenvalue and smallest eigenvalue, we conclude that the condition numbers of the matrices A J are uniformly bounded.
C. Convergence of the Galerkin scheme
In this subsection we show that the approximate solution u J in (27) converges to the solution u of (23) when J → +∞. The convergence is not in the weight norm but directly in the L 2 (R) sense. We have the following result.
Theorem 5: For J > 0, let u and u J be solutions of (23) and (27), respectively. Then we have the estimate
where C is a constant independent of J. In Particular, we have
Proof: For w ∈ V J , from (23) and (27) we have
Since S is self-adjoint and positive, as in the proof Lemma 6 we have
Hence, we have
which proves (33). Moreover, by virtue of Theorem 3 we have
The proof of Theorem 5 is complete.
D. Spectral approximation
Hermite functions are eigenfunctions of the Schrödinger operator. We can use them to approximate solutions of the equation (23) in the context of spectral method.
We introduce the notatioñ n = 2n, if n 0; 2|n| − 1, if n < 0.
For the differential operator S defined in (23), let q be a function from Z × Z to R defined by
Then the truncated matrix q(n, n ′ ) |n|,|n ′ | N (N ∈ Z + ) is the Galerkin matrix of spectral approximation of the operator S by Hermite functions.
When S is the Schrödinger operator L in (2), we have q(n, n ′ ) = (2ñ + 1)δ n,n ′ , which is a diagonal matrix. In general, the matrix q is a full matrix.
E. A pseudo-differential operator
We introduce a periodic pseudo-differential operator connected to the Schrödinger equation Su = f . This also suggests the necessity to study numerical solutions for pseudo-differential equations [3, 4] .
Lemma 7: Let q be defined as in (23) and assume that (24) holds. Then for every n ∈ Z, {q(n, ·)} is square summable, that is, n ′ ∈Z |q(n, n ′ )| 2 < ∞.
Proof: Let n ∈ Z. Then we have
Lemma 8: Suppose that the functions a and b satisfy the condition (24). Then we have
Proof: Let u = n∈Z c n eñ. Then by Lemma 1 we have
which completes the proof.
For (x, n) ∈ T × Z, we use the symbol
It follows that
Consider the periodic pseudo-differential operator P (·, D) with symbol p(x, n)
Theorem 6: Suppose that the assumption (24) holds. Then the pseudo-differential operator defined in (35) can be extended to H 1 (T). Moreover, the operator P (·, D)
is positive and there is a positive constant C such that
Proof: For u, v ∈ C ∞ (T), we have
Hence, by Lemma 8, we have
It follows that P (·, D)u C u 1 . Moreover, we have
Since C ∞ (T) is dense in H 1/2 (T) and H 1 (T), the proof of Theorem 6 is complete.
F. Galerkin scheme for the pseudo-differential operator P (·, D)
For a pseudo-differential operator P (·, D) which is defined in (35) and for any given periodic function f per ∈ L 2 (T), we consider the periodic problem on T
We use two bases on T to approximate solutions of (36). The first basis is the standard Fourier basis {e i2πnx } n∈Z and the second one is the periodic wavelet basis.
The Galerkin scheme for the periodic pseudo-differential equation (36) with Fourier basis is to find u
so that
The system of algebraic equations in (37) can be rewritten as
It can be easily verified that the discrete Galerkin matrix F N is equal to the Galerkin matrix (34), that is, we have
The Galerkin scheme for the periodic pseudo-differential equation (36) with periodic wavelets is to find
Rewriting the system of equations (38) in terms of {d m } 2 J −1 m=0 , we get the matrix equation
where G. Equivalence of the Galerkin matrix M J and P J
In this subsection we show that the Galerkin equation (27) for the operator S can be realized by the pseudo-differential operator P (·, D).
We show that the matrix M J defined in (29) is equal to the matrix defined in (39). To this end, we introduce an isomorphism between L 2 (R) and
we define a one-periodic function f (x) by
It is easy to show that f ∈ L 2 (T) and in fact f L 2 (R) = f L 2 (T) . Moreover, we have the following result connecting the differential operator S with the pseudo-differential operator P (·, D).
Lemma 9: For any f ∈ H and g ∈ L 2 (R), if f and g are defined in (40), then we have
Proof: By (40), it suffices to prove (41) for g(x) = e n (x), n ∈ Z + . First we consider the case g = e 2n , n ∈ Z + . For f (x) = ∞ n=0 f n e n (x) such that all but finitely many f n are zeros, by definition the periodic function g(x) = e i2πnx . Hence, we have
and for the pseudo-differential operator
[f 2n ′ q(n ′ , n) + f 2n ′ −1 q(−n ′ , n)]
[f 2n ′ Se 2n ′ , e 2n + f 2n ′ −1 Se 2n ′ −1 , e 2n ].
The proof for g = e 2n+1 is similar. The proof of Lemma 9 is complete by the facts that span{e n : n ∈ Z + } is dense in H and {e n : n ∈ Z + } is an orthonormal basis for L 2 (R).
Lemma 10: For k = 0, 1, . . . , 2 j −1, j, j ′ = 0, 1, . . . , J −1 and k ′ = 0, 1, . . . , 2 j ′ −1, for the differential operator S and the pseudo-differential operator P , we have
Proof: From the definition of the functions Φ j,k and Ψ j,k , according to (40), it is easy to verify that Φ j,k = (ϕ j,k )
per and Ψ j,k = (ψ j,k ) per . Hence, Lemma 10 follows directly from Lemma 9.
The following result is a direct consequence of Lemma 10:
Theorem 7: Let the matrices M J and P J be defined respectively in (29) and (39). Then we have M J = P J .
Numerical solutions of pseudo-differential equations by means of wavelets have been studied in several papers such as [2, 3, 4] . By Theorem 7 and some results in the literature, the stiffness matrix P J could be compressed and be approximated by a sparse matrix.
IV. Conclusion
We have presented an approximation method to deal with second order elliptic equations with unbounded coefficients on unbounded domain. The combination of Hermite functions and wavelet functions have the advantages from both the wavelet approximation method and the spectral method.
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Note added in the revised version: After submitting this paper, we became aware that multiresolution norm equivalences in weighted spaces L 2 w ((0, 1)) with a weight function w in (0, 1) have been obtained in [1] . The Galerkin scheme proposed in this paper deals with the perturbed Schrödinger equations with unbounded coefficients on the unbounded domain R. Our approximation results are measured directly in the L 2 (R) and H s (R) spaces instead of in a weighted sense as in [1] which deals with the bounded domain (0, 1).
